
 

1 1 Plane curves Cor IP a with a disjoint IP lineat infinity

Dfn Line Lcd givenby solutions of the equation Dfn Projective curve CCp2givenby the equation
ax by c 0 x y E E a b c ca ab o.o pix y77 0

where p is a nonzero homogeneous polynomial

Prop PiPzCa distinctThen 3 Linepassingthroughthem
n y 1equation of line is givenby det n y o Dfn line LCP2givenbysolutions of the equation
ar ya 1 ax by Ct 0 Ex y HER

Prop 4hL in a Then one of these is true where ab c t 1010,0

L Lz
Lin la P pea PropP QER2 P 1QThen31linepassingthrough PandQ
Lin 4 0 parallel P Ex y t Q Caz y 2it equation isgivenby

Dfn conicC ca is a planecurvegivenby det FfYy O

qcx.gl ax 1 bay toy2 doc ey f o

labc Coo o
Irreducible ifpolynomialdoesnotfactor Prop 4,4CP2 Then either L Lz or14m21 1

Rem Reducible conic Dfn conic CCPZ is given bysolutions of
axztbxy cy2 dx ey f fa.xtp.ytrjfqx.my1rad ax 1buy Cy daz eyetf72 0
union oftwo lines where a b c d e f t 0,00,010,0

in1122 Prop L C CIP Then either C LUlaforsome
nondeg ellipse parabola hyperbola Lz or tinct I or 2

and other degenerate cases 1.3 Projective Transformations

Prop L a lineandC a conic Then either C Lutz Affinetransformation Q2 a Tca Ax113 where

for some line Lz CCis reducible or knelt2 A CGlace and B a translation vector
Euclidean A orthogonal

Dfn plane curve Ccd givenbyequation
pixy o plx.gl isnonconstantpoly Projective transformation P2 IP 1X MX MEGlzic

PGL a Gl3CEY

1 2 Projective curves identitymap IIF a 10

Dan complex projective line IP 021101011 2 1hm PiPzPzPc C1172 suchthat no three are
where xraxv otac.cl collinear Then a projective transformation 0 IP P

s t
homogeneous coordinates Ex y fax ay 0113 I OO Pz o OD

01Pa Oil O 0Py El I D
Rem Ex y cIPgives line ax by o ca throughorigin

pi Cai yi 2i Then 1 is a projective trans
IP C with an extrapoint at infinity giving Helioo p HeoI o Pz helloO D Ps

Dfn complexprojective plane 1172 03110901 2 1hm Pi PsE IP distinct and no 3 collinear Then
where x y t r ix ay att to 1 2EE F conic passing through them
x y 7 ax ay at



1 4 Classification of conics

1hm CCIP a conic Then 3 a projective trans
0 p 1172 such that c isoneof thefollowing
1 u2 1 y t 22 0 irreducible d
2 x ya o Luiz d
3 x o doubleline IFI

Slides show how to find such a transformation

eanof conicCape ax2lbxytcy2 dxz eyz fzz.no
can be written in symmetric matrixform

13 4 2,94
diz

Prop conic CcP2 is irreducible iff detCB 10

1hm Intersectionof conics
suppose C C CIP are two unequal irreducible
conics Then ILIcrc'tc 4



2 1 Smoothness Tangents andTransversality Dfn Intersection multiplicityatP Assume P CoOD
R ICEI 5coo commutative ringofquotients ofacsi.gs

Dfn Ccp anirreducible curve PEC is smooth if the polynomials bcsi.is where blow 10
gradient ft 3 p

o o o I CR ideal generatedby fcsi.y.tlandGCI5,1

Smooth curve P smooth VPEC Intersection multiplicity f gp dime RLI
single setof singular points ofC or use R CIII 51 ringofpower series

Dfn fix y z irredcurve cIp2 p ca p D asmoothpoint Properties of intersection multiplicities
Then the tangentlineat P say f P gcp1hCP o Then

a f g p 712 ap.rjn ffyca.p.by 3 di Yet O z fgrip f gp fhip
3 If hcp to then fghp f gp

Lem a line issmooth 4 Intersection at p transverse fig p 1
Lem an irreducibleconic issmooth

Rem transverse V intersectionpoints lancet D.dz
Dfn CiCa Cp curves intersecting at P This intersection

is called transverse if write an irreducible curve CcP2ofdegreed as
9 P is smooth in both c andCz zdholx.gl t 2d himy 1 hdcx.us o
2 Tangentlines of Pine andCzdiffer hi horn poly of deg i

transverse
nottransverse Dfn P COOD Multiplicity multpcc isthe smallest

n such that hncx.gl is nonzero
Prop LCP a line and C an irreducible conic
Then either l is tangent to C Cknot L or 9 p e c muttplc 71 qL intersects C transversely at 2 points Z P is asingularpoint multpcc 2 0

Prop Cr Ca CR distinct irred conics Then prop C cz distinct irred curves in P2 and
they intersect transversely at allpoints there P ECincz Then
are 4 intersection points C czp3multpCci multpCCz

2.2 Bezout's Theorem
2 3 Applications of Betout'S Theorem

1hm flx.glnonzero homogeneous poly ofdeg dThen
f xy1 0 in IP consistsof d pointscountedwithmultiplicity Prop flx.y.tlhorn poly If the system

Ey 3 o
Bezout's Theorem

flx.y.tl 9114,7 hompolywithout commonfactors has nosolutionsin P2 then f is irreducible
Then the solutions ofthe system flxiy.tl o
inP2 are given by 9114171 0 Prop Cirred curve of deg d 2 and P QCCdistinct
deg f degcg points counted with multiplicity Then multpcc 1mutt c Ed

Bezout's Theorem Ci Cz distinct irred curveswith Rem for a line L andcurve C with deg di
degrees d andda Then there are d.dzintersection Bezout D Reindlc R and 4 cp 3multpcc
points counted with multiplicity

Cor PEC on irred curve deg doz Thenmultpcc Cd
Rem commonfactor infinitely manysolutions in IP4

Cor Anirreducible cubichas atmost a singularpoint



2 4 Points on Curves 1hm hastes Ci Cz cubics intersecting at
9 distinct points Pi Pa Then any cubic

Prop PiR E R2distinct I linepassing throughthem passing through P Pg passes throughPg

Prop Pi PsElP distinct nofour contained ina line
Then I conic passing through them

Drop let C CIPZbeirred curve deg it Then
C has at most 3 singular points

1hm Pascal let C be an irreducible comic and
PiPePs Q Q2Q3distinct points on C Then

Sd space of homogeneous degree polynomials Ri RQ.nl3Q3 Rz PzQ.nPzQz and Rz PzQ3nPiQz
dimsci

cdtncd.az
2 are collinear

Dfn E a finiteset of points Then
sac2 f esa 1fcp o vp.cz

I imposes independent conditions on Sd
dimsoil21 dimSd 181

note dimSdc213 dimSd 131

dims 3
p imposes i c on s
PQ impose i c ons p Q
PQR impose i c PQR are not collinear
34 points donotimpose i c s

dim52 6

I 3 points impose ics distinct
4 pointsimpose ics distinct andnotcollinear
6 pointsimpose ics do notlie on aconic
77 fail to impose ics

1hm 5 points impose i c s onSz i.e I conic

passing through them no 4 are collinear

see slides for finding i c Criteria

Prop 2CIP
I suppose a d points lie on a line L givenby
t.siy71 0 Then sac2 f Sd if214

2 Suppose a 2d points lie on an irreducible conic
Cgivenby fix y 7 o Then sac2 f Sd2 Etc

1hm Pi PsElp distinct andsuppose atmost 3
lie on a line and atmost 6 lie on anirred conic
Then Pi Ps impose ics on53



3 1 Inflection points Thm two smooth Weierstrass cubics are projectively
equivalent if they have thesame j invariant

Rem Cc IPcurve L line intersecting c at smooth

point L C p 72 L is tangent at p 1hm CCIP singular irreducible cubic Then a projective
transformation taking Cto one of thefollowingforms

Dfn PEC is called inflection point if it is smooth 1 nodal 2y x x 17
z

and CLCp 73 L tangent atp cuspidal ty2 x3

Dfn fluyet hornpoly Hessian Thm reducible cubic always contains aline
Protectively equivalent tof fxyf

Hess det tx fufu fij If xczy1 21 0 xycx.ly
oaiajfxzfyzfnx za ty o x y o

xyz o x3 o

1hm Hess Criterion let Pepesatisfy fcp HessaXP O
If PEC c FlamH smooth then I is an inflection 3.3 Group Law on Elliptic curves
point f Hesse p I L f p 3 L tangent atP

Dfn Elliptic curve smoothcubic eCIP with a

Prop Let f have no linearfactors Then f o has chosen point OEE

finitely many inflection points Hess f and

f have no common factors Ecp elliptic ABEE Define A BEE as follows
L AB If A B L tangent line at A

Prop CCP smooth curve deg 3 Then Chas at Line AB P counted w multiplicity Degen cases

least one inflection point A Btp 4 tangentto A intersects ptransversely
A B P L tangentto P intersects A transversely

Prop Cc 1172 smooth cubic Then Chas 9distinct A B P L tangentto A A an inflectionpoint
inflection points Lz OP Third intersection point is A113

P
i

32 classification of Cubics n

aoo
Rem any line LCIP is projectively equivalentto 7 0

E forms an abeliangroup
1hm Weierstrassform let CCIP bea smoothcubic
Then aprojective transformation which takes it to Prop A B C EE and OEE an inflectionpoint

y2z n3 and bz3 Then A B C lie on a line At Btc o

1hm A Weierstrass cubic y2z x3 axz2tbz3 is Prop OEE an inflection point and PEE Theinverse

smooth iff the discriminant PEE is the thirdpoint on line OP
1614A's12715 to

Prop OEE an inflection point AEE sit 3A o Then
Rem o x3taxzZtbz3has a repeatedroot A is an inflectionpoint

1hm Legendreform cc1172smooth cubic Then I Denote thirdpoint on line OP by 15
projective transformation which takes it tothe form

yzz xcx 7 x 27 If 0 an inflection point then A A
for a 1 0,1

Dfn The j invariant ofy2z x3taxz2 bz3 is

j 1728 4934a3 z7b2



4 1 Elliptic curves over other Fields 4.3 Topology of curves qi o

Dfn k a field Ccp givenby fix y 27 0 Then Thm every real 213 connected compact oriented

k x y D cK fix y t 0 manifold is homeomorphic to a compact oriented

surface of genus gmo
Rem cubic smoothover Fp iff pf

1hm Genus degreeformula

Prop Elk an abeliangroup Cc1172smooth curveofdegd Then c is homeomorphic
to a compact oriented surfaceof genusg d 1 d z

rank 2
Thm Morden E Q 272 72172x xK qn7L

relative to quotient topology
1hm Failings cc 1Pa smoothcurve degd 4
ThenCCQ1isfinite

Dfn G abelian a BEG Discrete logarithm logbae K
s t a b09Ba

Prop E y z x3 taxi bz3 Then F IfpE2p11

4 2 Rational curves

Dfn CCP is rational if I non constantmap P IP
a b Epcab Elab rcab for somehorn poly
of the samedeg it whose image is contained inC

Prop C rational I PECCICCHIwithnonconstant coords

Prop Cirred rational P c surjective

Prop C irredconic 3 iso IP c C rational

Prop Cirred singularcubic C rational
cuspidal a b Ea b a3 b3
nodal Ca b t cab b3 a3 ab b's

Prop Legendre cubic is not rational
smooth cubics are not rational



5 I Noetherian Rings Cor I 1 1 correspondence

DfnRing noetherian if allits ideals are finitely generated V radicalideals a algebraic subsets I

Prop R noetherian I CR ideal MI Noetherian Dfn alg subset is irreducible if it is nota union
of twodistinct alg subsets

1hm R Noetherian

Everyascending chain ofideals stabilizes Cor I 1 1 correspondence
Every non set ofidealsinR has amaxelement

V primeideals irredalgebraicsubsets I

1hm R Noetherian Rex Noetherian
Clem in Noetherian

5 2 Algebraic sets

Dfn I can Vanishing ideal ICE Caen an isthe
ideal of poly f sit HP O V Pe E

Rem E CE ICE2 CIC2,1
ICE aex on 2 0

Dfn I ceca in ideal Vanishingset VCI can
peen fcp o V f EI called Algebraic set

Rem Iic Iz VCIdcVCI

Lem VCI El E Lem IC ICVCI

Dfn I cacxi an anideal Radical TICacxi an
f eeen xn fn EI I radical if II I

Rem prime ideal Va.beI then a.CI or bet
is radical f MEI then f EI or fm EI

Rem VII VCI

1hm Nullstellensatz IC Gen in

II I VII

Cor W N1 MCEC xn maximal
Then m ai ai an an for some
Cai an cEn

Cor w N 2 VCI 0 I Ex am



6 1 Polynomial functions 6.3 Polynomial Maps and NormalVarieties

Dfn polynomialfunction fan lxi n fix xn Dfn XCCin Ycom algebraic sets A polynomialmap
for f E een in fix Y is amapgivenby f p face fmcp

for some F fm E aex xn3
Dfn let Xcan be an algebraic subset The coordinate
ring is EX Ex xn ICx Lem f X Ypoly map induces map of IC algebras

by f EY aex gig of that is
Rem Can Cx xn contravariant ft og gof

Dfn Xcom YCE Then X and Y are isomorphic Lem F CY GexHomoThen F ft for a poly f X Y
if ex CY asrings

Dfn polymap f X Y is an isomorphism if 3polymap gY x
Lem line l C E Then LIE asan algebraicset st got idx and fog idy

Useful I isanintegral domain iff I is a primeideal Dfn R an ID and K itsfield offractions
a Ekisintegral overR if I ao adIER suchthat

Dfn a commutative ringis reduced if fN o for felR xd t ad xd t ao o

implies that f o TheintegralclosureII CK is thesetofelements integral overR
R is integrally closed if I R

Rem integraldomain is reduced
Dfn aff var X is normal if Cx isintegrally closed

Lem R Clem an II is reduced I isradical X fieldof rational fractions onX

1hm 7 I L correspondence Prop UFDis integrally closed
affine algebraicsets isomorphism Ex En is normal

reduced finitelygenerated E algebrasHEisomorphism Thm Zariski acurve Ccd issmooth C isnormal

given bysending X dex
6 4 Zariski Topology on En

G2 Affine varieties Dfn a Zariski closed subset 2CE is analgebraicsubset
Prop forms topology onQ2

DfnAnaffinevariety is anirreducible affinealgebraicset
Rem can intersect Zariski closed subsets with avg set

1hm a lil correspondence XCE to define topology on X
affinevarieties 19isomorphism

Prop polyfunction f X Y continuous in Zariskitopv

fin gen integral domain E algebras 19isomorphism
6 5 Automorphisms

Prop Aprime ideal Ice ex13 is either
I o X aff algset Autx E isomorphisms x x group
I Cf for an irreducible polynomial fedex y
I L x a Y b for a bee Prop Autic is isomorphic to the groupof affine

transformations x ax b a 10
Lem cuspidal cubic C y_x3 isirreducible1
Prop C I asanaffine variety 1hm Jung Ant Q2 isgenby a y n x y fix

fedex and x y ax by x ex dy1ps ad bc.to



7 1 Rational Functions 7.3 Projective Nullstellensatz

Dfn elements of acx are called rationalfunctions Dfn an ideal Icac co on is homogeneous if for
every FEI its homogeneous componentsalsotiein I

Dfn dcGlx is regular at Pex if 0 canbewritten
as f with gas to domol pexwhere is regular Lem I cacao in homo I genbyhomo

Dfn KCL a field Dfn I Cicero xn Homo The vanishingset is
sci is algebraically independent over K if elements VCI pep hcp o u ne I hhomo

in 5 do NOT satisfy a single nontrivial polynomial VCI iscalled algebraic
equation with coeffs in k
The transcendence degree of LIK is the largest Rem Cleo an Noetherian I fin gen
cardinality of an aig indep subset of L overK VCI zerolocusof somefiniteset of polynomials
X aff var Thedimension ofX is trdeg of acx IC

Dfn XCP a subset The idea of vanishing is
7 2 Rational maps ICX heeexo an homo hip o tipcX

Dfn rationalmap f X amis a collection of rational Thm projective Nunstellensatz I homo then
functions fi fmCEH doma hi7domCfi 1 VCI no in C II

2 VCI I FI ICHI
Dfn rationalmap f X y f x am st fldomancy

Cor I 1L correspondence
1hm X Y rationalmapofaft var hornradicalidealsofaero an notcontaining exo in

a1 dom0 CX isopenanddense in zariski topology
2 domd X 0 is a polynomial map definedeverywhere algebraic subsetsofIP

Dfn dX Y is dominant if dfdomol isdense in y DfnAlgsubXenonis irreducible if X 111,0 2 X Xzaigsubs
called a projective variety

Prop 0 X Y dominant 4 Y Z arbitrary then
Yod X Z is well defined Cor 3 lil correspondence

horn primeidealsofCicco in notcontaining do an
a

XYaff var X y 0 icy acx 04ftfool a

0 dominant Otinjective irred algebraic subsetsofIpn

Cor 0 X Y dominant induceshomo 0 NY EH Dan XCIP closed if algebraic defines topology

Lem OI Y acx homoof a alg Then dominant IP coveredby opensets UicIP definedby sci10 Gives
map 0 X Y sit I _0 Iso Ui EEn Exo n Yai T he

Dfn dominant 0 X Y is birational if 3dominant
y y x s.tw o idx 0oy idy

Cor XYbirational X ECY as a algebras



7 4 Birational Maps

Dfn rational function toX a 0 I t.geCCxo xn

horn dega degcgi.geICx
0 regular at Pex if gcp to
domIo Pex pregular

Lem hi standardopenC Ph
Xnui 0 Elx I acxnui

Cor xnui 101 Xnu then Mui andXnuj arebirational
as affine varieties

Dfn 0 X Y a morphism polymap if domld X

Den 0 X Y dominant if Oldomol isdense in 4

Kool idx
DfnO X Ybirational if I dom Y Y X cloy idy

Cor X eat X Ybirational

Dfn Xproj var is rational if Xbirat IvLpn

Ex smooth conic is rational

Ex Legendrecubic rational a o I



8 1 Surfaces 8 4 Lines on surfaces

Dfn surface scp3ofdegd zerosetofhornpoly SCP3 irred quad surf
fcnn.tw o degf d s smooth P'xp two rulings by lines

Ssingular s cone of smoothconic one rulingbylines
Dfn a projective transformation is an iso 117371173given

by acting on Ca y t w by an invertible 4x4matrix smooth singular

pal a
G Yet

Dfn SCIPS is smooth if 3 y Ew pto VPES Thm Segre If d 3 then s contains at most
d 2 Hd G finitely many lines

Dfn PES smooth Thetangentplane at P is eg d 4 contains c64 lines

P n yCp y t p z If w o
1hm Cayley salmon a smooth cubicsurface inIP3

Dfn line cp3 is an embedding IPCIP givenby contains exactly 27 lines
an x a scan y a yauiz a 2zu w a twin
Ex i y z w CazYa72we Prop Scp3 irreducible cubic surface PE s singular

Then I e c s s t pee
Prop PEs smooth pe eCS Thenl atangentplaneatP

Thin SCIP's irreducible singular surface Theneither
8 2 Quadric surfaces S has infinitely manysingular points

S Z cone on irreducible cubic one singularpoint
Dfn quadricsurfaceCIP3isgivenby S contains fewer than 27 lines
Ax Bay Cy Daz eya Ez axw ityw i zw i wn.co

equivalently a Biz oran
6y.z.wsBiz c en

s
o

Q

1hm every quad surf CIP is projectively equivneither
irreducible n y 1721W 0 reducible I n y o

z n ye122 o se o

Cor quadsurfsmooth del Q 10

Dfn C c p curve fix y71 0 A cone on C is
a surface in IP defined by fix y H o
has singular point toOOD

8 3 Segre Embedding
ncnmmn
I

Dfn Segre Embedding isthemap 0Phx1pm 1PM

xo an yo iYm Exits o n o im

Prop Segre is injective Image of 0 is varietygivenby
vanishing of 2 2 determinants ofmatrix Exiy

Prop product of proj var is proj var

Prop smoothquadsurf P'xp asproi var



9 2 27 Lines on a smooth cubic surface

Rem a plane anda line alwaysintersect in IP3

Lem scip3irreducible cubic surface and 17 aplane
Then 17ns is acubic curve CCM andso iseither
7 C an irreducible cubic
2 C union ofconicandline reducible

3 C union of 3 lines
S smooth 3 3 distinct lines

Lem l CS a line Then I plane ITCIP3 eCH s t
Mns is a unionof 3 lines

Lem Ecs Aneks intersecting l iscontained in a planew e

93 Rational Surfaces

X proj var dimfx n

Dfn X is rational if I birat map IP X slightlyweaker
notion

I
DfnX is unirational if I dom rat map 1pm X

Rational unirational
morphismof
projectivevar

Prop C CIP curve Arationalmap f P C is regtular

1hm Liiroth unirational curve is rational

EXAMPLES

irreducible conic is rational
irreducible singularcubic is rational
smooth cubic is NOTrational

1hm Castelnuovo Unirational surface is rational

1hm smooth cubic surface is rational



10.1 Tangent spaces to Varieties Rem blowup at smoothpoint is aniso CE E

X fla mn o irreducible hypersurface in an idea makessingular curves eventually smooth

Dfn PEX is singular if II P ffP 0 10.3 Blowups and surfaces
otherwise smooth PCai amEX smooth tangentplane is
theaffine hyperplane 3 p x a z.fypgc.inanyo let 2canbesubvar Ift go 9k

similarly for in Pn Dfn blowup of anwithCenterat Z is thesubvariety
1312EnCEnXP defined by Uig x Uj9in 0

Prop X Hsu in o irredhypersurface in n The for it and cuo Uk Elp's

set of singular points is a properalgsubofX The
set of smoothpoints isdense ITBizCn an IT Z CBizenis theexceptionalhypersurface

Xcan aff var ICH Cfi fm p cai an EX Thm Theblowupof P2at 6points no3 collinearandnot
all lying in a conic is a cubic surface Any cubic surface

Dfn tangentspace Tpx affinesubspace ofangivenby is obtained inthis way

cpCx ai ffPCanan o i b im lo 4 Birational Geometry
Dfn PEXsmooth if dimTpx dimX

1hm smooth projectivecurve has genus gao and
If f X Y aniso of aff var psmooth HP smooth for eachgenus thereare finitely manyparameters

describing a curve of genusg
Prop X proi var Set of singular points ofX is a proper
algebraic subset Rem f C Cz rational mapof smooth prig curves

Then f is a morphism and smooth birational curves
10.2 Blowups and Curves are isomorphic

Dfn parametrize 2xIP by Cny ex p Theblowup 1hm f X Y rational morphism Then there
of a at o.o isthe subset Blcoo did xp definedby is a blowup IT I X and a morphism

up ay f I Y s t f foil I
t Ilet ITBhau E proiontofirstfactor and denoteby u f i

E IT loo the exceptional curve X Y

Rem E P ITis amorphism it restricts toanisomorphism
SIE 10410,01 in particular it is birational

Dfn parametrize IP xp by ex y D a p The
blowup ofIP at coOD is thesubset BkoODCIP xp
definedby up ay
let 1T BlaOp IP projection and E IT coOD
be calledthe exceptional curve

Rem E P 1T BlaOD P2birational morphism
and BleoOpIRIE 5 PetcoOD

Dfn CCp2 acurve Its strict transform EcBleoObIP

is the closure of it CleoOD If coODEC then
E BleoODC is the blowupof cat coOD


