1.1: Plane Curves

of the equation
a,b,c € (a,b) # (00,

Dfn: Line LcCG® given by solutions
ax +by +C=0 , (x,4)e C*

Pop: P\, P, € €° dissinct. Then 3! Line possing ¥hrough shem.

x|\
%% Y V] =0

X Yz |

tquation OF tine is given by o,

Prp : LOL, in C°. Then
* L= Ly

Lo Lz=3rE, peq;"
*Linlz= @ (paranel)

one of 4these iS +rue:

Dfn: Conic C C€%is a plane Curve given by
Qhuy): ax?+ by +cy? + dx +ey +f =0
(a,b,¢) # (0,0,0).

Irreduciéle: if polynomial does nod facior.

Rem: Reducible (onic:
Ax?+by +cylidx + ey +f = (dx 4Py Y o a3y + ),
= union of 4wo lines.

e /) (

(nondeg) ellipse parabola hyperbola

and other degenerate (ases.
Pop: L a Gne ond C 0 conic. Then gither C= ULz

fx cme line Lz (C is reducwie) or (LnC|4 2.

Dfn: Plne curve CCC* given by equation

p(xy) =0, POxY) IS non-Consvar oy .

1.2 Projeclive  Curves

Dfn:  Complex prjeciive \ine W\-_(cl\(o;o))/m'

where x~rax VOo+2€C .

homogeneous (oordinates : [ x:yJ = Cax: ).
Rem: [x:yJ€M' gives line Ox+byz0C c* through  origin.
P'= C “with an eam poid G4 infinity

2 3 )
Dfn: Complex prjective puane [P =(¢ \(0,0,0))/~

where  (a,y,2)~ (ax,3y,22) Votaec.
[7('. y- }] 5 t?w: 23:):{1

Cor s P = €' witn a disigint P' (line b inkinity)
Dfn: Projective Curve C C ®° given by +he equation
?(q' \5)%) =°I
where P is 0 nonxed  homogeneous  polynomial.
Dfn: Line L CP? given by solutions of ¥e eqguation
0% + by +Cx=0 (x:y-2le®

Where (Q.b,C) #+ (0,0,0).

Prop:P. @ € %, P4Q. Then 3\ line possing Hhough P and @

P=Cx:9:%) , Q=Cx2:9ei%],  equarion s given by:

x Yy 2
det| o v ) TO
X2 Y2 ¥,

Prop: Li,l2C P?. Then either LizLz o [LiOte] =1,

Dfn:  Conic C CP?
x4 bxy +Cy® +dxz +eyr+¥Frt= 0

(o, c,4,¢,8) + (9,0,0,0,0,0)

iS Qiven bg Solutions of

Where

Pop: L.C <P Then either C = LULz $o some

L2, o lLocl = \or 2.

1.3 Prjective Transformations

Affine transformation: €' =€ : T(x): Ax 4B , where
A € GL.(€) and B a tmnslakion vectr.
L Cuclidean : = A Of*hosond

P> @2 T(X): MX, MeGLy(C).

Prg'eﬂive TranSformalion :
PGiL; (€) = B30T

200

idenm\s map = (33:), A %0

Thm:  Pi, P2, P3, Py €|P1) Such +hat no three are
collinear. Then 3 prjeciive transformation $: Prop
s-t.
$(R): [1:0:0)
¢(p2) = [0:1:0]

¢ (P3) = Co:0:1)
6 (Pg) = (1=1:1).

(1. 12 13)
v Y2
s (xiiyi:u). Then |32 3 is a projective drans.

gving  ¢(C10:0)) =Py, @(f0:1:0)) =Pz, ¢([0:0:1]) = Pa,

Thm: Py,..., Ps € IP® distinct, and vo 3 Collinear. Then

3! conic possng  through +hem-



1.4 Classification of Conics

Twm: C CM® a conic. Then 3 g projeciive  trans.
.l .
G = P° such that G(C) is one of the Following:

® x4yt 42’ zo (reeducble) (20)
@ x* +y? =0 ( LuL2) (i1%)
© x'=o ( double line) (535)

Siides show how 4o find such G transformation.

ean of (onic CCP?, axT4bxy +cyt +dx ey +£al <o
can be written in ;sme}ric nadax  fom:

a b Y
B = "/z c ez

d. €2 ¢

Prop: conic ccP? is irreducible if§ det(8) £0-

Thm ( Intersection of Conics)

Suppse  C,C' C P? QGre two unegual irreducible
Conics - Then \¢jcnc'l s &,



2.1 Smoothness, Tangents Qand Transversality

Dfn: CcP? an irreducible Curve, PEC is Smooth if +ne
radi ent o, a8 as)

gradie x  d3y ' Ip + (0'0'0)

Smooth curve: P sSmogth VP EC.

Sing(C) = set of singular poinks of C-

Dfn: #(x,y,2) irred. Curve € P?  p= [a:P:Y] a Smocth point.
Then  +he sangen+ line at+ P:

ﬂ(a,pﬂ)l* }-:(u,p,v)a + :——i (a.p.vh =0

Lem: & line is smeoth
Lem:  an irreducibie conic iS Smotkh.

Dfn: Cy, C2 CP? curves intersecting Qv P. s interseckion
s called fransverse if

D Pis smooth in bovn C1 and C2

® Tangent lines of P in C ond C2  differ.

4ransverse : 9 ¥
not  rransverse: ¥ ¥

Prop: LCP® a tne and C ga irreducible Conic.
Then either L is tangent 4 C (lncl=y) , or

L intersecks C  tmnsversely or 2 points.

Prop- C., C2 c disvinct, red. Conics. Then
they intersect transversely ad all poinks &> +here
are U intersection points.

2.2 BRezout's Theorem

Thm: 0. y) nonzem  howogeneous poly oF deq d. Then

£(29) =0 in P' Consisis of d points counted with muMipliciay.

Berouwt's  Theorem:

£0uy.3), 90UY,2) hom. poly without Common fackors.
Then +he solutions of the system iP(*ﬂl,*ho

n P° ore given by 9(x,y,2) =0

deg(¥)deg(q) points Counted with mubtiplicity.
Bezout's Tneorem: C., C2 distinct jrred. Curves wivh
degrees dyand dz. Then 4here are didz inlersection

points  counted with  Multiplicity.

Rem: common factor ¥ infinitely many solutions (in W‘}

Dfn ( Intersection wulkiplicity ab P). Asume P =(o:0:1):
R = CIX .80, = commutakive ring of Quotients of

AT,3)

Polynomials W59 wwere b(0,0) %0,

I CR:= ideal generated by $(I,3.1) and 9(Z.3.).

Iniersection mulkiplicidy = (“:S)p 89 d.‘"‘C(R/I)

or use R=COX,YD = ring of power Series

Properties of intersection wmulipliities:
Say F(P) = g(p):W(P) =0. Then

@ (£,9) >l

@ = (5F,90p = (£.9)p +(5,m)p

@ 1t wp) 40 smen  (F3W)p = (£.9%

® Imnersection oF v transverse & €19 = 1.

Rem: tansverse Y nderseckion poios = | Ci0C| = didz

Weite an irreducible Curve € C P o degree d as
29y + 24 h(0g)+ e ¢ Ma(y) T 0

hi = hom- poly of deg=i.

Dfn: P=[0:0:]. MuMiplicty wulty (C) is +he Swmaliest

n  such +hat  ha(xy) is nonrem,

DpeC & wmuMp() 7l

@ pis a singular point @ wmulp(c) >2. 0
Pop © Ci,C2 diskinet, irred. curves jn P2 and

P € COCz.  Then
(CivCa)p » mulpCay) - multp(ca)

2.3. ApPlicarions of BETOUr'S Theorem

Pop: £(9:%) hom. poly. If she system
3_¥ = .‘a_c. = ?—F El)

has no solutions in W2, then §is irceducible.

Prp: C ired. curve of deq d%2 and P,Q €C disvinck.
Then multp (€) + muktq(c) ¢ d

Rem: for a line L and wrve C with deg d=2,
Bexout » d-= RezL.nc(L'c)R , oand (L'C)p % multp(0).

Cor:PEC on irred curve , deg d»2. Then multp (€) <d.

Cor i An irreducible CubiCc \was G} most 1 Singular point.



2.4 Pomnts on Curves Tom : (Chasles) Ci,Ca  cubics intersecting o
9 distinct  points |, P.,..., Pa. Then any cubic
Pop: PP € B' distinch 3! line passing through them. passing through ., Pg passes ‘through Pq.

Pop: Pi,...,Pg er? distinct, no four Contained n a line. //\\j

Then 3! Conic Possing though  fhem.

Prop: let C C P? be ired.  aree ,degwv. Then

C was o+ wost 3 Singular poinks.
Thm: (Pascal) Let C be an irceducible Conic  and

PP, P3, Q,, @2, Q3 distinct points on C- Then
Sd:= space of \omogeneous degree d polynowials Ri=PQNP3Qs, R2 = P,Q,NPQ, , and R3: P2 930PQ:
(d+1)( d+2)

dim(sd) = ——=2 — are collinear.

Dfn: Z a finite ser of ponts. Then
Sa(z) iz TFesd |£0) =oypes}

“z imposes independent cConditions on Sd &
dim Sq(5) = dimsq4 - |Z[.

note:  dimSq(E) > dimSq - (Zl.

dimS, =3

P imposes i.c. on S

P,Q impose 1-C. onSi D P ER

»,O,R impme ic. <> P,QR are not Collinear.

74 points do not impme i.C.s.

dimS, =60

* \,...,3 points impose ics & distinct

* 4 points impose icS & dislinck ond not collinear
* G points impose icS ¢ do not lie an & Conic

* 73 pail to impose ics-

Thm * 6 ponds impose i.c.s on Sz ( i.e. 3! conic
passing through them) & no 4 are collinear

See slides for finding i.c. Criteria-

Prp. Z CIP”.

® Suppose a>d points lie on Q line L given by
£(x,9,2)z0- Then Sd(Z) =F- Sd-1(Z\L)

® Suppose av2d poinks lie On an irreducible Conic
(M given by £(x,9,3) =0. Then s4(Z):=f- S4-2(Z\¢).

Thm: p,..., Pg ep? distinct, and suppose ar most 3
lie ona line and at most & lie oa on irred- conic.

Then Py,...,Pg impose ics on Sa.



3.1 Inflection points

at  Smooth
tangent at P.

Rem: C C (P’ curve, L line inlevsecting C
pn. (O 72 & L ss

Dfn:  PCC is called infrection peint % ¥ 1S Smookn
ond (L'Qp>»3  ( : tangent at p.

Dfn- H"’L.‘j,*) Yom. poly. Hessian :

fxx Txy Fra

.o
@) = de (0 Soe) R s B
fxa fya

Thm ( Wess Criterion): Let PE®® sakisfy £(P) = Wess(E)(®) =0
If pe ¢, CxF(2M?) smosh, Hnen Pis an jnFlection

poind. @ ($-Hess($)),'-\ & (L-Fp =3, L= tongent avP.

Pop: Let £ have no linear factors: Then F=0 has
Finively many  inflection points . = Wess(f) and

§f have wo common  factors.

Prop: C c®’ smovn  Curve , deg73. Then C has at

least one inflection  point.

Pop: CCP°  Smooth cubic. Then C has 9 distinck

inflection pointys.
3.2 : Classification of Cubics

Rem: any line L C WP is projecively equivalem o =0

Thm (Weiers{rass focem) : let CCP° be a smoovh cubic.

Then 3 pwjective  tmnsformarion  which takes it 4o
yrz = A> +axa’ +b2’

3

Thm: A weierstrass  gupic W R T X4 o A 02> s

smooth  iFE the discriminant
A = -lo(yad +23b) %o

Rem: A=0 ¢ A3+axz®+br® has a repeated rock.

Thm (Legendre fom) : CCP? smooth cubic - Then 3

projective  transformation which toWes it ko the fom
51--.!., = x(x-2)(x-123)

for 2#+0,1.

Dbn:  The j-invariant of y'% = x>+ axa®4pa® s

3
j = \""ISL
Ga® + 23L?

®  (noda\)
® ( cuspidat)

Thm: 4wo smooth  \Weierstmss Cub\es Qre  pmjectively

tquivalent iff  they have the same ) jnvariant.

Thm: Cc®* Singuior irreducible Cudic. Then 3 projective
transformavion  taking C to one  oF ne Flowing forms:
2y? = x*(x¥3)

*\,z = x?

Thm : Freducible Cubic always Contains a line.

Projectively  equivalent +o

%2y +x) = 0 xy(x+y) =0
‘)((}Xi-g"):g ‘1"3 =9
AYyr =0 x? =0

3.3. Gwroup Low on Elliptic curves

DFn:  Elliptic curve :* smootn Gws¢ E € PP with @

chosen point OCEE.

ECP” eliiptic, ABEE. Define (A%¥B €E 03 Folows:

* L,:=AB. If A=B, Li=tongent line ov A.

© LOE = TREP Counted W/ mulkiplicity. Degen. Cases:
= A=B#P . L tangent 4o A, ntersects P pramsversely
— A¥B=P. L, tongent Yo P , intersects A jmnsversely
— A=B=P _ |, tangent & A, A an inflecrion pownt.

* L2:7 OP . Twird interseckion point is A+8.

2 E fums an abelian g roup-

Prop: A,B,CEE , ond O0EE an inflection point
Then A,8, C lie on aline & A+BtC=0

Pop : OEE an infiection pont ond PEE. The inverse
—PEE s the third point on lhine OP.

Prop: OcE an infleckion poit, AEE st 3A=0- Then

A is an inflection point.

Denote  nird point  on Line OP by P

I O on inflection poink, +hen -A= [



4.\ ElNiptic Curves over other Fiewds

Din: K 0 Pietd. CCR' guen by Flxmg®) =o. Then
CCK) := § (xy:ad ekt pooy,dY: 0

Rem: Cubic Smooth over Fp ifE pt A
Prop : E(K) an avelian Qmue.

ron|

Tom (Mordell): €(®) 2™ /g, x... x L faull

2
Thm (Fm\ings) i CCWPg  Smookh Curve deg du k.
Then CC®) is Finire.

Dfn: G abelian, a/b€G. Discrete logarithm: 109 € TL
stoos b

Pop @ E:y?a =x®+0m2’ +ba® . Then E(Fp) €241
Gt.2. Rational Curves

Dén: C CP? is radional it 3 non-constant map W' P*
Co:b) e Cpla®d: g(ak): v(a®)] gy come hom. poly
of Wee same deg »|, Wh%e image s Contained in C.
Pop: C rational &3 PE CCEC() with nonconstant Cooeds .
Prop: C irred. + rational = P'-> C surjective

Prop: C irced conic > 3 ise P'>C = C rational

Prop: C irred. Singuiar Cuwic 3 C rational

°  Cuspidal: Ca:b)+ [a?b:q?; bl
nodal : Ta:bl v [alh-b3:ad-av’: v¥)

Prop:  Legendre cCubic 1S wmor rational
2 Smooth Cubics are nov raronal.

4.3 : Topology of Cucves @

Thm® every veal 2D  Connected, (ompact , oriented
manifold is  homeomorphic &b o Compact, oriented

Surface of genus Q7o

Thm  ( Genus - degree Formula)
CCP? Smooth curve of deg d . “Them C is homeomorpwic

b & compact, ociented swiface of genus g = (d-1)(4-2)
2

wWlatint Lo guotiont  tapo-legy



5.\ Noetherian Rings
Dfn: Ring noetherian ¢ o\ Ws ideals are finitely Qenerated
Pop: R noethevian, ICR idead = /T Noetheran.
Thm : R Noetherian
© tuey ascending chain of ided\s siabilixes

& tuey non ¢ set of ideals in R las o max element

Thm: R noetwerian = RIX]  Noetwerian.
CCox,--,2n]  Noelnerian.

6.2: A\gebmir. Sesrs

Dfn: Zce". Vanishing ideal I(Z) C €Cni,ey2n) s he
ideal of poly £ st $) =0 V Pexw.

Rem: I, €%, @ I(Z,)cI(Z)
I(2) = CUx,-%n] © Z =94

Dfn: I C €Cxi,-,%n) ideal. Vanishing se+ V(1) C €"
= iprpec": F(M=0V FeI}. (aned “Algevraic se+"

Rem: I.C 12 2D V(Iz\c (1))
1 ¢ 1(v(D)

tem: V(1(Z) = % Lem:

Dfn: I CC€Cxu--o%n] an ideal. Rodical §T CCCxy--)2n]
$f eCtxuxn): £ €1). T “radicar” i {T:=1.

Rem: prime deal: YV ab€I, +nen a€ I o bel.
is vadical : £™MEI, 4hen F€I o £™7 el
Rem= V({T) = V(1)

Then  ( Nubsiellensatz) = I C CCxy,y..p%nl:
1 = z(v(1)

Cor (W.N1) : wmcglxy,...,2n] wmoximal.
Then m= (“\""u .e) An=-0n) Lo some

(o, -, an) € ¢°

Cor (W-N-2) V(L)=@ > I=¢Cxy,....,2%m]

Cor: 3 \~\ Ccorrespondence

N 3radicq| ideals} — { a\gebmic wbse&s}l 1

Dfn: alg. subset is irvedmcible if it is not a union
of two distinct alg-  subsets-

Cor 3 \:\ Ccorrespondence

\'E 3 prime ‘-deals} o iirred. algebvaic Subseh}i 1



6.\ Polsnomial Lfundions

D€n : polynomial Function £:€ - C ; (Xy-- Xn) > £lxy-.,7)
for & € CCxyy-..,Xn),

Dfn: let XCC" be an algebraic  subset . The Coordinate
ring s COX1:= €%y, %a1/T(x)

Rem: CEG"] B8 c['ll,...‘1'\]

Dfn: XC g™, vYcc". Then X and Y ore isomorphic
i €Cx1 2 CCY] os rings.

lem: line L CC®. Then LEC a5 an algebmic set.

LT
Wseful: ’x s an integral domain iff I is a prime ideal.

Din: o (ommuative ving is reduces if tNz0 for FER
implies thav £=0.

Rem: integral domain is veduced.

C [-;.,...,zn]/l

lem: R s reduced <& T is radical.

Thm: 3 1:1 Correspondence
T afiee aigebraic sevs}/ T isomorphism}

!

freduced finitely generated C- a\gebmﬂl § isomorphiswm }

given by sending X > CCx].

G.2. ACFine \qriekies
DEn: An affine variely is on icreducivie atfine algebraic Set.

Thm: 3 1: 1 Correspondence
3 Gffine varieneﬂ /% isomorphism §

!

i fin. gen., integral  dowain c- q\gebms} / 3 'lSomorthSm}

Prop : M prime deal 1 ¢ CCX,¥) 1S Rivher:

[ ] 1 - °
* I =(f) for on ireducible polynomior §€ €Cxy]
e 1 =4 x-a,Y-b> for 0,b€EC.

Lem: Cuspidat oubic  C: y'=x?® s ieduivle

Pop : C 3 € 0s an affine  Variely

©.3. Polynomial Maps and Normal \ariesies

bfn: XC C", yeec™ algepric sets. A polynomial map
f:x>Y is a wap given by F:P > (£.(9),..., Em(P))
for some §,.-,fm € CCRry.ooy)Xnd,

Lem: £:X =Y poy. map induces wnap of C - algebras
by £¥. €0Vl - ¢ x); g v gof , vhat is
Contraxarviont « ¥ og* < (9 -G)* .

Lem: F: €CLY] — €CX1 homo. Then F = £* for o ! ply £: XY

Dfn: poly wiop f:X->Y is an isomorphism
st gof = idx and ¥eg = idy.

it 3 poly map g-VaX¥

Din: R an I.D. and Kk its Field of fractions

* k€Kis jntegra) over R & 3 8o,...,94-1€ER  sSuch that

o9+ ag,xd4. va.z=0

* The jniegral closure R CK is ¥he set of elewents invegral over R
* R s integramy closed if R =R-

Dfn: off- var. X is normal it €[X] is integmlly Closed.

clx) = field of radonal giactions on X-

Pop: WUFD is  integrally closed.

€x. €" is noarmal.
Thm (1uris\«i)'- a curve CCC* is smovh & C is normal
6.4 Z arishi Topology on €"

Din: o Zarisk; Closed subset ZCC' is an al gebrmic Subset.

Prop = fams topology  on c*.

Rem: Can intersect Zoriski Closed subsels with a\g- set

XCC" 4o define topoiogy on X.

Prop. poly Punction £:X Y continuows in tariski dop.
6-5: Automorphisms

K= ot alg ser. Auwt(X) := T isomorphisms X X7 Z group.

Prop: AW(C) is issmorphic to the group of affine
twonsformations x> 0% +b, a 0.

Thm (J'ung) : A (CY) s gen. by (2,9) - (2, 9+ )
fe €00, and (PP (ax +by+x, CX+dy+p), ad - be Fo.



3.\ Rationat Functions

rational funcrions

Dfn: elements of C(x) are calied

oen: ¢ € CX) is at PEX if O can be written
$
os 9 with g(P)#0- dom(¢):= % P EX where ¢ s regulm-\

reqular

Dfn: KCL a gied

* ScL is algebmically independent over K i elements
in S do NOT satisfy a single Montrivial polynomial
equarion  Wwith Coeffs. in k.

*  The transcendence degree of L/K  is the largest

cardinality of an a\g. indep. subset of L over K.
© X aff. var. The dimension of X is 4r. deg. of €(x):C

3.2 Rational maps

Dfn:  Pationat map §: %--* €™ is a collection of rationat
functions Py fm € €. dom(£) =iy dom (Fi)

Dén : Pational map F:%X -3 = £:X 3C™ st £(dom( C Y

Thm: & :X-->Y rational map of aff. var.
D dom(®) CX s open and dense in ariski 4epology

@ gqom(d)= X <& 6 is o polynomial map  (defined everywhere)

Din: ¢:X->Y is dominant ¥ ®(dom@) is dense in Y

Pop: O:X-Y dominant, W:Y-—?Z arpitan, +hen
Wod - X—-»2 is well defined.

%N off. var, §:x--3y > @¢¥: COI=> C(X), ¢"F 5.

® dominant % @ injecrive.
Cor ¢ G:%-Y dominant, induces homo ¢¥ . CY) - C(x).

Lem: &: C)->a(X) womo of €-019. Then 3! dominant
map ¢:x-‘9‘ st §=¢*»

b:X-->Y is birational ¥ 3 dominant
st Wo =idx, Doy = idy,

Dfn : dominant

Y. N--»X

Cor : X,Y birations) < C(X) X C(Y) os @ -algebras.

3.3 Projective Nul\ steliensate
Dfn: an ijdeal IC €C%e,-..,xn] s homo geneous i¢ for

evey £EI, its lomogeneous Components avso liein X.

lem: IC €Co,--,Xn3 homo < I gen. |>5 nomo.

Dfn: I C C€CL%;---,Xn] homo. The vanishing Set is
V(1) .= § pE€ P . wP)zo ¥V hel, h homo}

N(1) is colled algebraic.

Rem: €(xo,...,%n] Noetherian = I fin. gen.
N(T) = ew \ocus of  Seme finite set of polynomials.
Dfn: XC®" a subset. The ideal of vanishing is
T(X):= I h € CCroxn] homo = W(P) =0 Vpex}

Thm : (P m)eclive Nu\\s\e\\emnh) T howo , trnen
O NI = ¢ & (Ao, Xnd> C [T
@ 1) r¢ > T = 1(VC3)

Cor: 3 1)
ihom. radical ideals of € (xe, -, Xn] not containing <x.,...,-x.\7}

!

?u\gebmic Subsels of |P"}

Corcespondence

Dfn: Alg. sub. XC P s ireducible \§ X EFXO Xz, X, X2 aig subs.
Called o prjetive variety.

Cor: 3 11
ihom. prime ideals of €(xs --»%n] not containing <x.,...,'xn7}

!

i irred. algebraic  SubseYs of IP"}

Corcespond ence

Din: X CPP" closed i glgebraic. —> defines +opslogy.

P™ covered by Open sets Wi CP" defined by i 20. Gives

so Wi Xg" [xo:--:2n] (‘M/I?)"'/ ?; "‘i-"‘/'li).



3-4. Birational Maps

ry
Dfn: rationas Punciion G:X-->C := &= '9') £,9€ CCxo--.1Xn)
hom. , deg(f) = deg(a), g¢ 1(X)

° O vregular g+ PeEX if g(P) #0.
dom (¢) = f PEX : pregu\ur}

lem: U; standard open C @™
Xnwi +¢ = C(X): c(xaw)

Cor : XNUi 4% XU, then XOU: and XOU;j are biravicaal

as affine varieties.
Dfn: ®:X-->Y a morphism (poly map) i doml( ®) =X.
Dfn: @ :X—>Y dominant it P(dom®) is dense in ¥
l‘)°¢ = idx
Dfn:d - X -->Y birational it I dom. Y:Y--2X i oy = \dy
Cor : €O X €(V) & %.V birational.
Din: X proj. \ar is radional it X birat. o P*

Ex. Smooth ¢onic is rahonal

Ex Legendre cubic rgtioal &> A= 0, 1.



€.l Surfaces

DFn:  surface  SCP3 of deg d := Zero Set of hom poly

£(y,2,w) =0 , deg & =d.

Din: o projective #ransformation is an  ise P> given

bg ading on Cxmy:iw] bs an  wnverhble Lxy ynatix
G\L;(C)/ *
PGLL(C) = C

. 28 2t 2
Dfn: S ™ is pmatls i (ﬁ:a,u,aw)lpto\dpf-s.

DFn: PES smootw. The #angent plane at P is:
of oF 3 oF
x (P %+ 5yMYy+ 2 + 5 (Pw =0
Dfn: line C®® is an ewbedding [' cP? given by:

[aa)rs (A b xadh: g2 +4 0032 +X 0 W A+t ]

E‘h ATERY '-WJ + E'K‘)_"V ;'--"’1"‘"1]

Prop: P €S smooth, p€ € CS.Then ¢ C tangent plane at P.

$-2. Quadric Surfaces

Dfn: quadric surface C ®3 s given by
Ax? 4Bxy +Cy? +Dx2 + €ya +Fa® $+GAw +Hyw + LW +Tw=0

equivdiently : A Bz D Gy
by, W) B2 C €z W2 > o

o €2 F 2
G Y2 Yh T
e e
Thm: evew quad- Sw- C PP IS projectively equiv- 4o eitwer
" q projectively
irreducible 5 ® 1’+y"+12*w"= ° ® «? +yt oz o0

E ¥H<c 2

@
reducible
® 2P +yrral = o ® % = o

Cor : quad surf smooth = det(@) #0 .
Din: C c P? curve , £(x4,3)70. A cone on C is
Q Surface in [P° defined by £(x,y,2) =o.

L> has  singular point Co:0:0:1)

8.3 Segre Embedding
N = (nXmad) -1
7

Dfn: Segre Embedding 1S the wap @: P x ™ p

([10'-""-""‘]; [9-"'".""“]) = [i xi g.‘l};w,...,n,] -.a,---,m]

Prop: Segre is injective. Iwage of @ is variery given by

Vamishing of 2x2 determinants of matdx C*iyj)

Prop: product of proj. var is pr). Var.

Prop: smooth quad surf X P'x®' as pw- var.

€-4 Lines op Sucfaces

SCP3 jrred quad. surf.

S Smodth =¥ = ﬂ"*“",mo rulings by Vines
* S singular =S =Cone of Smooth Conic. one ruling by lines.

Smooth = «— Singular

Thm (Segre) IF d»3, then S contains ab wos
(d-2)(nd-6) (Fintely rany) lines.

9. d=4 contains S 6% lines.

Thm ( Cayley, Samon) : & Smooth cubit surface in P3
Contains  exactly 23 \ines.

Pmp: SCI\’3

Then 3 Q0 CS s ped.

irceducivle  cubic surface

.

PES singular.

Thm:S ¢ ®? irreducible Singular  Surfoce . Then Qither

S has infinitely many singular points
. S oS

* S  (ontoins  fewer than 23 lines.

cone on ircedmcibrie cubic  (one Singuiaf pont)



9.2 : 2% Lines on a Smooth Cubic Surface
Rem: o plane ord a Wne quways intersectt in & 3.

lem: scC®P? irreducble Cubic Surfae, ond N a plane.
Then MOS is a cuvic (curve) C CM and so is either:
@ C on ireducitle ansic
@ C union of conic and line | reducivie
® C wunioa of 3 lines

Lb S smosth + @ » 3 distindt lines

lem: £ CS aline. Then 3 plane O CP3, €CM st
ANS is a union of 3 lines

lem: & CS. An 2cS intersecting € is Contained in a pone w/ Q.

9.3 Rational Surfaces

Riz o). \ar, dim{X) =n.

Ofn: X is rationas if 3 bicat- wap P --> X

slightly weaker
notion.

Dfn:X is unirationas if I dom raY. ymap P"--> X

Rational % ynirational. Morphism of

préjective \ar.

2 \ . /
Prop: C C ®° curve. A rational map £:%-->C is reqular
Thm (Lﬁrﬂh)= unirational Cuvwe is rational.
EXAMPLES

ifreducible Conic 1S  rational

*  irreducible Singuar Cubic i Fational

Smooth  cubic & NOT rational
Thm ( Castelnuowo) : uniraional Surface is rational

Thm : Smooth Cubic Surface 1S rational.



10.1 = Tangen* Spaces to \arieries

X:f(ay-an) z 0 3= ifreducivle hyperurface in C"

o oy . o -
Din: PEX i singutar if a’i.n’) T 'a_x-n(P) 0

otherwise smootw. P =(ay,...aN€EX  smooth, £angent plane is

¥he affine \yperplane %f‘(p)(x.-a.) +...+ %E“(p)(,n.a,)= 0

Similarly  for in w".

Prop = X : £(%y-,*n) =0 irred. hypersurface tn €". The
set of Singular points is a proper alg- sub of X. The
set  of gmookh poiats 1s dense.

xcec" aff. var ) (%) = <;'l"'1'cm>, P=(Cor:..:Qn] €X.

Dfn : tangent space TpX = affine subspace of C" given by

LiOe-a) 4.+ B xeads v } S

Dfn:  PeEX Smooth if dim TpX = dimX.

I £:Xx>Y aniso of apt var, P Smooth & F(P) smooth

Prop: X = pro). var. Set of gingular points of X is a paper

algebmic subset.
19.2 Blowups and Curves

Den: Paramerire € x ' by ((x9), Ca:pl). The blowup

of €' at (0,00 is the subset Bl¢o,o) Cccixp defined by
xp = oy

Let  T: Bloo = € (prj). oo fiest factor), and denote by

€= w'(0,0) the exceptional Curee.

Rem: E'-.*Il", M is a morphism, T restricks tov an isomorphism
s/e » cz/(°:°), in parieuwar, T is birational.

Dfn: Paramekize T!x®' by (Cx-.y:2], Ea-.p's). The
blowup of P* ak C0:0:] is the subser Bl C Pixm’
defined by AP =y

Let T: Bleoy = P (proection) and € = '([0:0:1)
be called Yhe exceptional cCuree.

Rem: E ' , W Blegoy -»P* biratienal mMorphism.
and  Blggen PPVE = P2\ (0:0-1)

Dfn: C c®® a curve. Its §hic  +ransform ECB‘tuzr.I]‘Pz
is +he closure of m-'(C\Co:0:0). IF CO:0-13€C, twen
[ Bleouy C is the blowup of C at [o:0:1].

ne
~

Rem: blowup ai Smooth point is aniso, C
idea: wiakes singular curves (eventually)  Smooth.
10-3 : Blowups and Surfaces

let 2 CC" be subvar, I(2)=(3e,-,%)

Dfn: blowup of C" with center a} 2 is the Subvariety

B2 C"C C"XP* defined by  Wigi(W - gD =0
for i¥) and Cuo:.--:ux] €rk.

MBle ¢"> " : T '(2) BIaC" is the exceptimal hyp ersurface

Thm: The blowup of P2 at 6 poiats, no 3 collinear ond not
all lying in a tonic ,\s O CUBIC surface. Any Cubic surface

is obtained in +his way.
0- 4 : Birational Geometry

Thm* Smooth  projective Curve has Qenus 420 , and
fo. each genus there are  finitely wany parameters
describing 4 curve of Qgenus g.

Rem: {:Ci--3Ca rational map of Smooth proy. Curves.
Then £ is & worphism , and  Smooth  birarional Curves
are  isoworphic.

Tom: £:X-->Y  ratiocnal worphism . Then +here
is @ blowup

W XX and a WO rphism
F:X-Y st

~

$ = £oT. X



